Airframe structural optimization at different design stages results in new mass and stiffness distributions which modify the critical design loads envelop. Determination of aircraft critical loads is an extensive analysis procedure which involves simulating the aircraft at thousands of load cases as defined in the certification requirements. It is computationally prohibitive to use a GFEM (Global Finite Element Model) for the load analysis, hence reduced order structural models are required which closely represent the dynamic characteristics of the GFEM. This paper presents the implementation of CMS (Component Mode Synthesis) method for the generation of high fidelity ROM (Reduced Order Model) of complex airframes. Here, sub-structuring technique is used to divide the complex higher order airframe dynamical system into a set of subsystems. Each subsystem is reduced to fewer degrees of freedom using matrix projection onto a carefully chosen reduced order basis subspace. The reduced structural matrices are assembled for all the subsystems through interface coupling and the dynamic response of the total system is solved. The CMS method is employed to develop the ROM of a Bombardier Aerospace business jet which is coupled with aerodynamic model for dynamic aeroelasticity loads analysis under gust turbulence. Another set of dynamic aeroelastic loads is also generated employing a stick model of same aircraft. Stick model is the reduced order modelling methodology commonly used in the aerospace industry based on stiffness generation by unitary loading application. The extracted aeroelastic loads from both models are compared against those generated employing the GFEM. Critical loads modal participation factors and modal characteristics of the different ROMs are investigated and compared against those of the GFEM. Results obtained show that the ROM generated using Craig Bampton CMS reduction process has a superior dynamic characteristics compared to the stick model.
Introduction
Airframe structural optimization is an iterative process between the structural sizing discipline and the load calculation discipline. A change in structural sizes during optimization results in new mass and stiffness distribution which modifies the airframe critical design loads. Therefore, a full loads analysis is required after each loop of structural design optimization to determine the updated critical loads envelop. The loads calculations involve analyzing the aircraft at thousands Corresponding author: Mostafa S. A. Elsayed, Ph.D., professor, P. Eng., research fields: materials and aero-structures. of load cases identified in the certification requirements. It is computationally prohibitive to use a GFEM for the aeroelastic load analysis, hence a ROM of airframe is required which closely represents the dynamic characteristics of the GFEM within a frequency range of interest. Two forms of ROMs are used in the aerospace industry, namely, the stick and matrix-based ROMs [1] .
A SM (stick model) is a series of beam elements oriented along the aircraft elastic axis that supposedly represents the dynamic characteristics of the detailed GFEM of the airframe. Several stick model generation techniques used in aerospace industry are discussed in literature. Elsayed et al. [2] compared commonly used
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Dynamic Aeroelasticity Load Analysis 146 stick model reduction methods in the aircraft industry for multidisciplinary design optimization. The simplest technique would be the analytical approach to determine the beam stiffness properties from the airframe cross section parameters, once the aircraft CAD or 3D GFEM is prepared [3] . Another technique involves the extraction of beam stiffness properties using unitary loading method [4] , [5] . This method consists of applying unit load along the principal directions at the free end of a cantilevered aircraft one bay structure and estimating the equivalent beam stiffness parameters from corresponding deformations between reference points along the aircraft elastic axis.
Hashemi-Kia and Toossi [6] developed a similar reduction technique in which the stiffness parameters are extracted by applying unit deformations at one free end assuming cantilevered condition. Also, Riccardo [7] introduced another stick model methodology where the beam constitutive law is used for the generation of beam stiffness parameters from the GFEM and condensed mass is generated using the mass properties tool in MSC PATRAN [8] . These methodologies highly depend on the proper definition of the structural principal axes with torsional axis oriented along the aircraft elastic axis at each aircraft bay for generating a sufficiently accurate beam stiffness properties. The determination of the elastic axis is a complicated task especially in case of wingbox and approximate methods are typically used to orient the principal coordinate at each wing bay to generate the equivalent beam stiffness properties [10] . This results in unnecessary errors in the stick model beam properties extracted from the aircraft bays located near the inboard side of the wing [1] . CMS based MOR (Model Order Reduction) is an alternative approach for the development of airframe ROMs. In 1965, Hurty [10] introduced the concept of CMS using sub-structuring for large dynamical structures. Since then, various CMS methods are introduced in the last five decades [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] which have gone through several enhancements [21] [22] [23] [24] [25] [26] [27] . CMS involves partitioning a large dynamical system into several subsystems. The displacement of each subsystem is expressed in terms of a combination of generalized and physical coordinates (or hybrid coordinates) using a truncated set of normal modes or a combination of normal modes and static modes. Then the reduced mass and stiffness matrices are formed by the matrix projection onto the reduced subspace formed by the displacement modes. The reduced matrices are assembled for all the subsystems through interface coupling and the dynamic response of the total system is solved. Depending on the interface coupling conditions, CMS methods are categorized into two types, namely, fixed [11] [12] [13] [14] [15] and free interface methods [16] [17] [18] 20] . Furthermore, the most accurate and famous CMS method is the Craig Bampton (CB) reduction method, hence the application of CMS method for dynamic aeroelasticity analysis will be shown here using the CB MOR methodology.
This paper is organized in five sections. After this introduction, stick model development methodology using stiffness identification by unitary loading is explained in Section 2. A detailed description of the CB reduction methodology is given in Section 3. A case study is presented in Section 4, where the MOR methodologies discussed in this paper are employed in the aeroelastic loads analysis of a Bombardier Aircraft platform. The paper concludes in Section 5.
Stick Model Development by Unitary Loading Method
In this method, the static response of the GFEM to applied unit forces or moments is used to compute the stiffness properties of the stick model [2, 4, 5] . Extracted stiffness properties are applied to a set of beam elements extending along the aircraft elastic axis. Due to the geometrical complexity of airframe structures, particularly wing-boxes, crude methodologies are followed within the aerospace industry as a practical approach for identification of principal coordinates along the aircraft elastic axis [9] . 
where A j1→j2 is the equivalent cross sectional area, 1− 2 is the bay length, � 1− 2 � is the axial elongation due to the applied unit load along x-axis and E is the material Young's modulus. Similarly, the shear factors along the y-and the z-directions, K y and K z , respectively, are computed as:
where � 1− 2 � and � 1− 2 � denote, respectively, the translational deformation in y-and z-directions due to applied unit forces and G is the material shear modulus.
Moments of inertia of the stick beam element are computed using the rotational deformations corresponding to the application of unit moments in same manner as described before. The equivalent bending moments of inertia (I y ) j1→j2 and (I z ) j1→j2 , in the y-and z-directions respectively, as well as the equivalent torsional moment of inertia, (J x ) j1→j2 in the x-direction, are computed as: 
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where � 2− 1 � , � 2− 1 � and � 2− 1 � are the angular deformation along x-, y-and z-directions, respectively. It should be noted that the stick model developed using this methodology is suitable for static analysis. To employ this model in dynamic analysis, lumped mass properties are added at the defined airframe stations as described in Section 4.
Craig Bampton Reduction Methodology
Frequency response analysis in structural dynamics usually requires solving a second order equation of motion representing the dynamic system with N DoFs (degrees of freedom). In a discretized finite element formulation, such equation of motion can be written as,
where , and ∈ℝ × are the mass, damping and stiffness matrices. and ∈ ℝ ×1 are the displacement and applied load vectors. Also ω is the system natural frequency and i = √−1 is the complex number. CMS method consists of dividing the large GFEM into several substructures. Each substructure DoF is classified into: interior coordinates ( ) and boundary coordinates ( ) . Accordingly, Eq. (7) can be subdivided as,
It should be noted that, modal damping is normally considered in dynamic aeroelasticity analysis. Accordingly, a simplified undamped version of Eq. (7) is adopted for the development of ROMs as shown in Eq. (8) .
The physical displacement vector of the interior DoFs, , is expressed as a function of the generalized coordinates , of the interior DoFs. The total displacement vector of the GFEM can be expressed using Ritz coordinate transformation technique as [28] ,
where is the Craig Bampton transformation matrix formed by the concatenation of fixed interface normal modes and interface constraint modes [11] .
∈ ℝ ×1 and ∈ ℝ ×1 . and are the number of interior and boundary DoFs.
= − . Again, the interior generalized DoFs can be subdivided into dominant and residual such that dominant DoFs along with boundary DoFs will be kept in the reduced model whereas the residual DoFs will be omitted. Accordingly, the CB reduced displacement vector can be written in terms of dominant generalized coordinates − ,
−
and physical boundary coordinates as,
Rewriting Eq. (10) 
In Eq. (14), ( ) = ( − ) , − is the diagonal matrix having the dominant eigenvalues of the interior DoFs along the diagonals. Both and are in physical coordinate whereas remaining portion of Craig Bampton reduced mass and stiffness matrix are in modal coordinates. In case of test analysis models, it is necessary to transform the CB reduced mass and stiffness matrix portion in modal coordinates to physical coordinates. This can be done using transformation matrix given in Ref. [29] .
Case Study
In this section, a case study is presented where the MOR methodologies discussed in Sections 2 and 3 are employed in the dynamic aeroelasticity load analysis of a Bombardier aircraft platform. Prior to the reduction, a set of retained grids are created along the elastic axis of the GFEM [30] . These grids are connected to the surrounding airframe structure employing MPC (Multi-Point Constraints) elements to average the overall displacement of the GFEM at a specific airframe station. As the standard practice in the aerospace industry for aeroelasticity analysis involves the use of lumped mass idealization in the GFEM [31] . The equivalent lumped mass [5] for each aircraft bay is calculated from the aircraft CAD model developed in CATIA employing a cutting plane methodology. As MSC NASTRAN is used for the aeroelasticity analysis, the calculated lumped masses are assigned to the retained grids using concentrated mass element, namely, CONM2 [32] . In the reduction process, the GFEM with 163242 DoFs is reduced to a stick model having 1,290 DoFs as shown in Fig. 2 . ROM based on CB method has 1,490 DoFs and the additional 200 DoFs include the dynamics associated with the omitted DoFs. It should be noted that these additional 200 DoFs in the CMS method will be kept as scalar points [33] for the static and dynamic analysis in MSC NASTRAN without increasing the number of retained grids.
The generated ROMs are compared against the GFEM in terms of their modal pairs, dynamic aeroelasticity loads and the modal participation factors as shown below. 
Normal Modes Analysis
A normal modes analysis is performed in MSC NASTRAN to compare the reduced models eigenvalues and eigenvectors with those of the GFEM. A comparison of the percentage error of the eigenvalues corresponding to the first 10 flexible modes of the ROMs are shown in Fig. 3 . The percentage error, e, is calculated as:
where and are the eigenvalues of a ROM and the GFEM, respectively.
It can be observed from Fig. 3 that the least error is associated with the CB ROM with RMS error value almost close to zero. Whereas the RMS error value in stick model is around 12.11%.
MAC (modal assurance criterion) is used to compare the eigenmodes of SM and CB ROM with the reference GFEM modes. As per this criterion, if the two mode shapes compared are identical then the MAC value will be close to 1 and if they are very different then MAC will be close to zero. In other words, MAC is the scalar constant that shows the degree of closeness among two eigenmodes being compared and it is calculated as, 
Dynamic Aeroelasticity Load Analysis
A dynamic aeroelasticity analysis is performed to check the accuracy of the dynamic loads recovered from the reduced models as compared to the GFEM for two load cases i.e., TDG (Tuned Discrete Gust)
and PSD (Von-Karman Power Spectral Density) [34] .
The dynamic loads are recovered from the retained grid ID 1019, which is located close to the tip of the left wing, with respect to the coordinate ID 14040135
as shown in Fig. 6 . A modal damping as a function of natural frequency is assumed for the analysis.
(1) Recovered dynamic load in TDG gust case:
Dynamic aeroelasticity analysis is performed to measure the response of all the ROMs to a TDG case with flight conditions shown in Table 1 .
The out of plane bending moment recovered from grid ID 1019 is shown in Fig. 5 . It can be observed from Fig. 5 that the dynamic loads extracted from CB ROM conform very well to the GFEM loads with a small RMS error of 1.17%. On the other hand, the moment recovered from SM is significantly deviated from that of the GFEM with e-RMS of 345.35%. Tables 2 and 3 , respectively.
The FRF (Frequency Response Function) magnitude and phase plots in the out of plane shear direction are shown in Figs. 6 and 7, respectively. The out of plane shear load recovered from the PSD gust analysis is represented in FRF of the structural response [1] , [35] . It should be noted that the FRF relates the PSD output function ( ) and the input Von Karman signal ( ) by, (ω) = 2 × (ω) (4) It can be seen from Fig. 8 andFig. 9 that the stick model behavior is clearly not in agreement with the reference GFEM FRF with large RMS error of 54.52% and 797.20% for magnitude and phase plots respectively. Whereas, the dynamic loads extracted from the CB ROM shows a good agreement with those of GFEM. In other words, CB ROM overlaps GFEM solution almost everywhere in the relevant frequency range of interest.
Modal Participation
The modal participation factor for all flexible modes in the dynamic aeroelasticity response analysis (TDG case) is compared for all the ROMs and GFEM. Modal participation factor is found out at grid ID 1019 along T2 direction at time 0.16 s as shown in Fig. 10 . Again, CB ROM is in good agreement with GFEM in terms of the modal participation factors extracted with only minimal RMS error of 1.71%, whereas SM is off as compared to GFEM with large error.
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Gust properties Values
Scale of gust 762 m RMS gust velocity 1.0 m/s The RMS error associated with all the ROMs based on different analysis criteria investigated in the current case study is summarized as shown in Table 4 . It can be found out that the accurate MOR methodology which can be used for the aeroelasticity load analysis is the CB ROM which has the least error possible.
Dynamic aeroelasticity load analysis time required for a single load case in MSC NASTRAN for the GFEM and ROMs is shown in Table 5 . It can be seen that the both ROMs are fast and efficient compared to the GFEM. Although SM ROM is very fast computationally, the large error involved in the dynamic analysis makes it least preferable for the aeroelasticity load analysis. On the other hand, the analysis time of the CB ROM is 16 and 2.9 times cheaper than the reference GFEM in the aeroelasticity analysis with TDG and PSD cases respectively. Hence, fast computation along with highly accurate reduced order modelling capability makes CMS ROMs an excellent choice for the aeroelasticity load analysis. 
Conclusion
This study presented the reduced order modelling for the aircraft structures based on two methods, namely, stick model generation using unitary loading and CMS based CB reduction method. The ROMs generated are employed in the modal analysis and dynamic aeroelasticity analysis of the Bombardier Aircraft platform to check the dynamic characteristics of CB ROM and the SM ROM in comparison to the GFEM. The normal modes analysis showed that the CB ROM has eigenvalues closely matching to that of GFEM whereas the stick model has large error with RMS values of 12.11%. It is seen in the dynamic aeroelasticity analysis that the loads extracted from the CB ROM overlap those of the GFEM almost everywhere in the frequency range of interest. The errors seen in stick model normal mode analysis and dynamic aeroelasticity clearly indicate that it is dynamically inequivalent to the GFEM. It should also be noted that the modal participation factor for dynamic aeroelasticity analysis shows that the dominant modes of CB ROM which participate in the response analysis match exactly with that of GFEM. Moreover, CB ROM is computationally cheap as compared to the GFEM. Hence, the accurate reduced model to be employed in the aeroelasticity load analysis is the CB ROM which has static and dynamic characteristics closely matching to that of GFEM with low computation cost.
